Universal parametric correlations in the classical limit of quantum transport 
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Quantum corrections to transport through a chaotic ballistic cavity are known to be universal. The 
universality not only applies to the magnitude of quantum corrections, but also to their dependence 
on external parameters, such as the Fermi energy or an applied magnetic field. Here we consider 
such parameter dependence of quantum transport in a ballistic chaotic cavity in the semiclassical 
limit obtained by sending ?i — > without changing the classical dynamics of the open cavity. In 
this limit quantum corrections are shown to have a universal parametric dependence which is not 
described by random matrix theory. 
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Central to the field of 'quantum chaos' is the observa- 
tion that statistical fluctuations of the spectra of quan- 
tum systems whose classical dynamics is chaotic are uni- 
versal, as well as the relation between the universal spec- 
tral fluctuations and random matrix theory. ^ The univer- 
sality not only applies to probability distributions of en- 
ergy levels, but also includes correlations at different val- 
ues of external parameters, such as an applied magnetic 
fieldi^i^ A necessary condition for the existence of uni- 
versal spectral statistics is that the time Torg needed for 
ergodic exploration of the phase space be much smaller 
than the Heisenberg time th = 27rfi/ A, A being the mean 
spacing between energy levels. Since Teig is a classical 
time scale, whereas th involves Planck's constant h, the 
condition Terg <C th is equivalent to the semiclassical 
limit n^O^ 

Similar considerations apply to open quantum 
systems,^ for which the role of energy levels is played 
by the transport coefficients (or by the scattering ma- 
trix). A prototypical example of an open quantum sys- 
tem with chaotic classical dynamics is an electron in a 
two-dimensional ballistic cavity coupled to electron reser- 
voirs via ballistic contacts. ^'^ Such cavities, or 'quantum 
dots', can be realized experimentally in semiconductor 
heterostructureSi^ In this context, 'universality' means 
that the statistical fluctuations of the transport coeffi- 
cients do not depend on the shape of the cavity, as long 
as the classical dynamics is chaotic. 

In addition to Terg and th, an open cavity has a third 
characteristic time scale, the mean dwell time td- The 
appearance of a third time scale complicates the con- 
ditions for the applicability of random matrix theory 
(RMT), as well as the relation to the semiclassical limit 
h 0. The reason is that the condition necessary for 
universal quantum transport p. 



a two-dimensional cavity reads 



Terg « TD < TH, 



(1) 



is not sufficient for the applicability of RMTfiS The con- 
dition for RMT involves the Ehrenfest time te, which for 



TE = A ^ ln(TH/Terg), 



(2) 



where A ~ t^.^^ is the Lyapunov exponent of the cavity's 



classical dynamics. The Ehrenfest time is the minimal 
dwell time necessary for quantum interference,^" hence 
RMT applies only if te ^ td, i.e., if 



rei.gln(rH/Toi.g) < td- 



(3) 



The condition ([3]) has little impact on most experi- 
ments on ballistic quantum dots, for which the logarithm 
ln(rH/Torg) is not numerically large.* Nevertheless, since 
Tn/Tcrg is proportional to h^^ , it has important conse- 
quences for the relation between RMT and the semiclas- 
sical limit ?i ^ in an open cavity. Obeying the con- 
dition ^ while sending ?i — > is possible only if the 
ratio Td /Terg grows at least logarithmically with h. Since 
both Terg and td are classical time scales, this means that 
RMT describes the cavity's transport coefficients in the 
limit ?i — > only if the classical dynamics of the open 
cavity is modified in the limiting process. 

The last decade has shown an increased interest in the 
opposite limit, obtained by sending h 
and Td before taking the limit Tdg/TD - 
In this case the Ehrenfest time te ^ td ■ We refer to this 
limit as the 'true semiclassical limit', because it involves 
sending 7i — > without changing the classical dynamics of 
the open cavity. Although some quantum effects cease to 
exist in the true semiclassical limit (examples are the shot 
noise powe r^'^i^* and the ensemble average {SG) of the 
quantum correction SG to the cavity's conductancelStli), 
not all quantum effects disappear. This remarkable ob- 
servation was first made for the conductance fluctuations, 
whose mean square (JG^) remains equal to the RMT pre- 
diction in the true semiclassical limit J^ii^ In this commu- 
nication, we consider correlations between conductances 
at different external parameters, such as the Fermi en- 
ergy or an applied magnetic fleld. In the true semiclas- 
sical limit we find a result that is universal, but with a 
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functional dependence on external parameters that dif- 
fers from random matrix theory. 

The parametric dependence of the conductance fluc- 
tuations is described by the conductance autocorrelation 
function {SG{e,b)SG{e\b')) , where e and b are properly 
normalized energy and magnetic field. ^ Our calculation, 
which is outlined below, gives 

{6Gie, b)5G{e', b')) = PIP^ ^ ReP±, (4) 

± 

where 5G is measured in units of 2e^//i, Pi and P2 are 
the classical probabilities that an electron in the cavity 
escapes through contacts 1 or 2, respectively, and 

V^^ = l-i{e-e') + (ll2){b±b'f. (5) 

The RMT prediction has ReP± replaced by |P±|2. In 
particular, aX e — e' and 3> 1, the conduc- 

tance autocorrelation in the true semiclassical limit has 
a Lorentzian dependence on the magnetic field difference 
b — b', whereas RMT predicts a Lorentzian squared . 
Generalization of our result to other parameters Xj that, 
e.g., represent a small deformation of the cavity's shape 
amounts to the replacement of Eq. ^ by 

p^i = 1 _ _ e') + i(& ± b'f + \ Y^ix, - (6) 

j 

where it is assumed that the parameters Xj do not break 
time-reversal symmetry. 

The derivation of Eq. ^ closely follows the calculation 
of the variance of the conductance of a ballistic cavity, 
which is described in Ref. JJl. That calculation starts 
from the relation between the conductance autocorrela- 
tion function and the cavity's reflection coefficients Ri 
and i?2, 

{SGie, b)SG{e\ b')) = {SRiie, b)SR2{e', b')), (7) 

together with an expression that relates Rj to a double 
sum over classical trajectories aj and Pj that begin and 
end at contact j, j = 1, 2fl 

R, = A^^Ap^e'^^-^-'^''^^'^'^ J = 1,2. (8) 

Here A and S are the stability amplitude and classical 
action of the trajectories. Phase shifts from reflections 
off the cavity boundary are absorbed into the deflni- 
tion of the action. Upon entry and exit, the two clas- 
sical trajectories aj and Pj have transverse momenta 
\P-L,aj I = IP-L./Sj I compatible with the quantized modes 
in the contactSf^ 

Upon using Eqs. O and ([5]), the conductance autocor- 
relation function is expressed as a quadruple sum over 
classical trajectories ai, /3i, a2, and (32- Only combina- 
tions of four trajectories for which the total action differ- 
ence — Sp^ -\- — 5/32 is of Order % systematically 




FIG. 1: (Color online) Schematic drawing of quadruples of 
trajectories that contribute to the conductance autocorrela- 
tion function. The true trajectories are piecewise straight, 
with specular reflection at the boundaries. 

contribute to the autocorrelation function. Such small 
action differences occur only if the trajectories ai and 
a2, on the one hand, and the trajectories Pi and /32, on 
the other hand, are piecewise identical, up to classical 
phase space distances of order fi'^'^ or lessJ^'^'^^ 

There are two general classes of trajectories that meet 
these criteria. They are shown schematically in Figs. [1^ 
and b. Both classes of trajectories have their counterpart 
in the diagrammatic theory of conductance fluctuations 
in disordered metalsi^ In Fig. [T^, the four trajectories 
have two separate small-angle encounters. Outside the 
encounters, the trajectories ai and and a2 and P2 
are paired. Between the encounters ai is paired with /32 
and 0,2 is paired with /3i . The duration of the encounters 
is long enough that the total action difference is of order 
Ti. This is achieved if the encounter duration, defined as 
the time that the phase space distance between the four 
trajectories is less than a certain classical cut-off, is the 
Ehrenfest time te or longer In Fig.[T|D, the trajec- 
tories ai and Pi are identical up to a closed loop, which 
is in Pi but not in ai. The same closed loop is also the 
difference of P2 and 0:2 ■ There is a second possibility, 
different from the first one by complex conjugation, in 
which the closed loop is part of ai and P2, but not a2 
and Pi. Only the first possibility is shown in the figure. 
Although the four trajectories shown in Fig. [T}d repre- 
sent the generic case of interfering trajectories where the 
two trajectories in each pair differ by a closed loop, for a 
chaotic cavity such quadruplets contribute to {SG"^) only 
if ai. Pi, a2, and P2 meet the closed loop in a single 
small-angle encounter of all four trajectories,— see Fig. 
[TJ:. In the presence of time-reversal symmetry, two addi- 
tional contributions to the conductance autocorrelation 
function appear, which are obtained by time-reversing 
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the trajectories a2 and P2 in Figs. [T^-c. 

The external parameters enter the calculation of the 
conductance autocorrelation function through the pa- 
rameter dependence of the classical actions*^ Since the 
actions of the trajectory pairs (ai, (3i) and (02, /32) are 
taken at equal values of the parameters, all parametric 
dependence must arise from action differences accumu- 
lated when the trajectories in these pairs are separated. 
For the trajectories in Fig. [1^ this occurs during the two 
stretches of duration ti and T2 between the encounters; 
For the trajectories in Fig. [TJ; this is during the closed 
loop, the period of which is denoted Tp. Since we sum 
over all trajectories, it is sufficient to know the mean and 
variance of these action differences, 

{S{e,h)-S{e',b')) = ?i(e-e')r/TD, 
{{S{eM ~ S{e' ,b')f) = h\h-b')\/T^, (9) 

where t — ti, T2, or Tp is the duration of the stretch 
of the trajectories over which the action difference is 
accumulated. The action difference between a trajec- 
tory and its time-reversed is obtained by replacing b' 
by —b'. The rescaled energy e is the energy measured 
in units of Ti/td. Equation ^ should be seen as the 
definition of the rescaled fields b and b'\ up to a nu- 
merical constant that depends on the cavity shape one 
has b ~ (e$/?ic)(TD/rerg)^''^, $ being the magnetic flux 
through the cavity?^ 

The sum over all classical trajectories, but without 
parametric dependence, has been calculated beforCfi^ In 
order to obtain the full parametric dependence we take 
the trajectory sum before the final integration over the 
times Ti , T2 , and T.p from Ref . [l9l 
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(10) 



The first term, with the double integration over ti and 
T2, originates from the trajectory class of Fig. [T^; The 
second term, with the single integration over Tp, comes 
from Fig.[T}3. Both terms include time-reversed contribu- 
tions. The second term also includes the complex conju- 
gate contribution not shown in Fig. [1];. Taking Eq. (flOl) 
as our starting point, we find the parametric dependence 
of the conductance autocorrelation function upon inser- 
tion of the appropriate factors {cxp{iAS/fi)) for each of 
the stretches where action differences are accumulated. 
Each time integration in Eq. (fTU|) then gives a factor 2?_ 
or where 2?_ is defined in Eq. (O above. Time inte- 
grations involving time-reversed trajectories give a factor 



V+ or P^. We thus find 



{SG{e,b)6G{e\b')) 



-2te/tu 



-^(l-e"2^^/^°)Re2?±j .(11) 
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FIG. 2: Ratio of mean square pumped current in the true 
semiclassical limit (/^)ciass and the RMT prediction (/^)rmt. 
Inset: Pumping contour in the {xi,X2) plane. The ratio 
shown in the main figure is calculated for a circular pump- 
ing contour with radius x. 



The true semiclassical limit corresponds to the limit 
te/td — * 00. In this limit, only trajectories of the type 
shown in Fig. (T}; contribute to the conductance autocor- 
relation function. RMT is recovered in the opposite limit 
te/tb — > 0. The different parametric dependences in the 
two limits reflect the different number of time integra- 
tions involved in the contributions of Fig. [1^ and c. 

Another noteworthy example of an observable that 
measures the universal parametric dependence of quan- 
tum transport is the current / through a 'quantum 
pump', a chaotic cavity with two parameters that are var- 
ied periodically in time.— i^i^l In an experimental real- 
ization, these parameters would be two gate voltages that 
determine the shape of a semiconductor quantum dot.— 
The rescaled parameters that determine the magnitude 
of the pumped current are the same as those that appear 
in the conductance autocorrelation function. Hence, a 
measurement of the mean and variance of the pumped 
current is a direct test of the universality of quantum 
transport and involves no further scaling factors. 

In the adiabatic limit (frequency uj t-q^), the time- 
averaged current Ij through contact j, j = 1,2, for a 
cavity with time-dependent parameters xi and X2 can 
be expressed in terms of an integral over the area A en- 
closed in the {xi,X2) plane in one cycle^^, see Fig.[2]The 
integrand is expressed in terms of classical trajectories 
connecting the two contacts to the cavity in a manner 
very similar to Eq. ([5]) above^^ 
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AaAp dSa dS, 
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(2nhY dxi dx2 



(12) 



Here the trajectories a and P exit through contact j, 
j — 1,2, but they may enter the cavity through either 
contact. As in Eq. ([8]), a and P have transverse momenta 
— \p±,p\ upon entrance and exit that are compat- 
ible with the quantized modes in the contacts. Perform- 
ing the summation over classical trajectories, one finds 
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that the ensemble average (n(xi,a;2)) 
mesoscopic fluctuations are given by 



0, whereas the 
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dxl 
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+ (l-e~2^^/^°)Re2? 



(13) 



where 2?_ is given by Eq. ([6]) above and the primed pa- 
rameters refer to the second factor of the kernel 11. Again, 
the limit te/td ^ agrees with the RMT prediction^^S 
whereas the true semiclassical limit te /td — > 00 gives dif- 
ferent, but still universal parametric correlations for the 
pumped current. For small pumping amplitudes (vari- 
ation of the dimensionless parameters xi^2 much less 
than unity), (/^) in the true semiclassical limit is half 
the RMT prediction.32, However, for large amplitudes, 
the pumped current in the semiclassical limit is larger 
than the RMT prediction. This is illustrated in Fig. [21 
where we have shown the ratio of the mean square cur- 
rent in the true semiclassical limit and the RMT predic- 
tion for a harmonic time dependence of the parameters, 
xi{t) = .Tsin(cjt) and X2{t) = xcos(ujt). 



In conclusion, we considered the parameter depen- 
dence of the conductance and the pumped current in an 
open chaotic cavity in the 'true semiclassical limit', de- 
fined as the limit ?i ^ at fixed classical dynamics of the 
open cavity. Although it was known that certain quan- 
tum interference corrections survive in this limit )^^'^^i'^° 
the parametric correlations considered here manifestly 
show that quantum transport in the true semiclassical 
limit is universal, but not described by random matrix 
theory. Thus, the true semiclassical limit is identified 
as a nontrivial regime of universal quantum transport, 
separate from random matrix theory. In this respect, 
open ballistic cavities are different from closed cavities, 
for which spectral statistics always agree with random 
matrix theory in the limit Ti ^ 0. 
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